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We study the Λb(6146)
0 and Λb(6152)
0 recently observed by LHCb using the method of QCD
sum rules within the framework of heavy quark effective theory. Our results suggest that they can
be interpreted as D-wave bottom baryons of JP = 3/2+ and 5/2+ respectively, both of which con-
tain two λ-mode excitations. We also investigate other possible assignments containing ρ-mode
excitations. We extract all the parameters that are necessary to study their decay properties
when using the method of light-cone sum rules. We predict masses of their strangeness part-
ners to be mΞb(3/2+) = 6.26
+0.11
−0.14 GeV and mΞb(5/2+) = 6.26
+0.11
−0.14 GeV with the mass splitting
∆M = mΞb(5/2+)−mΞb(3/2+) = 4.5
+1.9
−1.5 MeV, and propose to search for them in future LHCb and
CMS experiments.
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I. INTRODUCTION
In the past few years important experimental pro-
gresses were made in the field of bottom baryons. All
the S-wave singly bottom baryons, except the Ω∗b of
JP = 3/2+, have been well observed in experiments [1].
However, no excited bottom baryons were established un-
til the LHCb Collaboration discovered the Λb(5912)
0 and
Λb(5920)
0 in 2012 [2], which were later confirmed by the
CDF Collaboration [3]. At that time, these were the
only two excited bottom baryons well observed in exper-
iments, while in the past two years the LHCb and CMS
Collaborations continuously observed as many as nine
excited bottom baryons:
• In 2018 the LHCb Collaboration reported their
discoveries of two excited bottom baryons, the
Σb(6097)
± in the Λ0bπ
± invariant mass spectrum
and the Ξb(6227)
− in both the Λ0bK
− and Ξ0bπ
−
invariant mass spectra [4, 5];
• In 2020 the LHCb Collaboration discovered four ex-
cited Ωb states, Ωb(6316)
−, Ωb(6330)
−, Ωb(6340)
−,
and Ωb(6350)
−, at the same time in the Ξ0bK
− in-
variant mass spectrum [6];
• In 2019 the LHCb Collaboration reported their dis-
covery of two excited bottom baryons Λb(6146)
0
and Λb(6152)
0 in the Λ0bπ
+π− invariant mass dis-
tribution [7]:
Λb(6146)
0 : M = 6146.17± 0.33± 0.22± 0.16 MeV ,
Γ = 2.9± 1.3± 0.3 MeV , (1)
Λb(6152)
0 : M = 6152.51± 0.26± 0.22± 0.16 MeV ,
Γ = 2.1± 0.8± 0.3 MeV . (2)
During this experiment, they observed significant
Λb(6146)
0 → Σ∗±b π
∓, Λb(6152)
0 → Σ±b π
∓, and
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Λb(6152)
0 → Σ∗±b π
∓ signals, but no significant
Λb(6146)
0 → Σ±b π
∓ signals were observed. The
LHCb Collaboration suggested these two states
to be the Λb(1D) baryons, by comparing with
the masses predicted by the constituent quark
model [8–11].
Later in 2020 the CMS Collaboration confirmed
the Λb(6146)
0 and Λb(6152)
0, and measured their
masses to be [12]:
Λb(6146)
0 : M = 6146.5± 1.9± 0.8± 0.2 MeV , (3)
Λb(6152)
0 : M = 6152.7± 1.1± 0.4± 0.2 MeV . (4)
Besides, they further observed a broad excess of
events in the Λ0bπ
+π− mass distribution in the re-
gion of 6040-6100MeV, whose mass and width were
later measured by LHCb to be [13]:
Λb(6072)
0 : M = 6072.3± 2.9± 0.6± 0.2 MeV ,
Γ = 72± 11± 2 MeV . (5)
Much earlier, the Λb(5912)
0 and Λb(5920)
0 had been
studied by Capstick and Isgur in 1986 as P -wave bottom
baryons using the relativistic quark model [8], and their
predicted masses are in very good agreement with the
LHCb and CDF results obtained in 2012 [2, 3]. Besides,
various phenomenological methods and models were ap-
plied to study excited bottom baryons in the past 30
years, such as the constituent quark model [14–17], the
relativistic quark model [9], the chiral quark model [18–
20], the heavy quark effective theory [10], the quark
pair creation model [21–24], the relativistic flux tube
model [11], the color hyperfine interaction [25, 26], the
chiral perturbation theory [27, 28], and Lattice QCD [29–
31], etc. These studies are all based on the traditional
excited bottom baryon interpretation, while there also
exists the molecular interpretation [32–42]. We refer to
recent reviews for detailed discussions [43–48].
We have systematically investigated mass spectra of
excited heavy baryons in [49–52] using the method
2of QCD sum rules [53, 54] within the framework
of Heavy Quark Effective Theory (HQET) [55–57].
More studies on heavy mesons and baryons contain-
ing a single heavy quark can be found in [58–76].
Our results suggest that the eight excited bottom
baryons, Λb(5912)
0, Λb(5920)
0, Σb(6097)
±, Ξb(6227)
−,
Ωb(6316)
−, Ωb(6330)
−, Ωb(6340)
−, and Ωb(6350)
−, can
be well explained as P -wave bottom baryons [50, 77, 78].
In this paper we shall use the same approach to study
D-wave bottom baryons. Some of these studies have been
done in our previous papers [51, 52], but at that time: (a)
We did not construct all the bottom baryon interpolating
fields, and (b) we did not complete all the sum rule cal-
culations. In the present study we shall finish these two
steps and systematically study D-wave bottom baryons
of the SU(3) flavor 3¯F . The obtained results will be used
to examine whether the Λb(6146)
0 and Λb(6152)
0 can
be interpreted as D-wave bottom baryons. Before doing
this, we note that this assignment has been discussed and
supported by several theoretical studies, using the chiral
quark model [79], the quark pair creation model [80, 81],
and QCD sum rules [82], etc.
This paper is organized as follows. In Section II, we
construct all the interpolating fields for D-wave bottom
baryons of the SU(3) flavor 3¯F , which are used to per-
form QCD sum rule analyses in Section III. The obtained
sum rule equations are further used to perform numeri-
cal analyses in Section IV. In Section V we discuss the
results and conclude this paper.
II. INTERPOLATING FIELDS FOR THE
D-WAVE BOTTOM BARYON
The D-waves heavy baryons have been systematically
classified in [83], and their interpolating fields have been
partly constructed in [51, 52]. In this section we fur-
ther construct all the D-wave heavy baryon interpolat-
ing fields of the SU(3) flavor 3¯F . Note that some of
them are different from those given in [51, 52], since we
have explicitly used several projection operators in the
present study.
First we briefly introduce our notations. A D-wave
bottom baryon consists of one bottom quark and two light
up/down/strange quarks. We use lρ to denote the orbital
angular momentum between the two light quarks, and
lλ to denote the orbital angular momentum between the
bottom quark and the two-light-quark system. There can
be ρρ-mode excited D-wave bottom baryons (lρ = 2 and
lλ = 0 into L = 2), λλ-mode ones (lρ = 0 and lλ = 2
into L = 2), and ρλ-mode ones (lρ = 1 and lλ = 1 into
L = 2). Altogether its internal symmetries are as follows:
• Color structure of the two light quarks is antisym-
metric (3¯C);
• Flavor structure of the two light quarks is either
antisymmetric (3¯F ) or symmetric (6F );
• Spin structure of the two light quarks is either an-
tisymmetric (sl = 0) or symmetric (sl = 1);
• Orbital structure of the two light quarks is either
antisymmetric (lρ = 1) or symmetric (lρ = 0/2);
• Totally, the two light quarks are antisymmetric due
to the Pauli principle.
Accordingly, we categorize D-wave bottom baryons into
12 multiplets, five of which belong to the SU(3) flavor 3¯F
representation, as shown in Figure 1. We denote them
as [F (lavor), jl, sl, ρ/λ], where jl is the total angular mo-
mentum of the light components (jl = lλ⊗ lρ⊗ sl). Each
multiplet contains two bottom baryons, whose total an-
gular momentum are j = jl ⊗ sb = jl ± 1/2, with sb the
spin of the bottom quark.
We use the notation J
α1···αj−1/2
j,P,F,jl,sl,ρ/λ
to denote the
D-wave bottom baryon interpolating field, and sepa-
rately construct them for the [3¯F , 2, 0, ρρ], [3¯F , 2, 0, λλ],
[3¯F , 1, 1, ρλ], [3¯F , 2, 1, ρλ], and [3¯F , 3, 1, ρλ] multiplets.
Note that Equations (6), (7), (10), (11), and (18) are
the same as those given in [51, 52] except for some over-
all factors; Equations (12), (13), and (17) are different
since we have explicitly used some projection operators
in the present study; and Equations (15) and (16) were
not constructed in [51, 52]. Note that we need to use cer-
tain projection operators to distinguish the rich internal
structures of D-wave bottom baryons. In [51, 52] we con-
structed some of them, but there we could only project
baryons into definite total angular momenta (spins). In
the present study we constructed all operators to project
baryons into definite internal angular momenta (spins).
• The bottom baryon doublet [3¯F , 2, 0, ρρ] contains two bottom baryons of j
P = 3/2+ and 5/2+, whose interpo-
lating fields are:
Jα3/2,+,3¯F ,2,0,ρρ(x) (6)
= ǫabc
(
[Dtµ1D
t
µ2q
aT (x)]Cγ5q
b(x)− 2[Dtµ1q
aT (x)]Cγ5[D
t
µ2q
b(x)] + qaT (x)Cγ5[D
t
µ1D
t
µ2q
b(x)]
)
× Γαµ4,µ1µ2J=2 × γ
t
µ4γ5h
c
v(x) ,
Jα1α2
5/2,+,3¯F ,2,0,ρρ
(x) (7)
= ǫabc
(
[Dtµ1D
t
µ2q
aT (x)]Cγ5q
b(x)− 2[Dtµ1q
aT (x)]Cγ5[D
t
µ2q
b(x)] + qaT (x)Cγ5[D
t
µ1D
t
µ2q
b(x)]
)
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FIG. 1: Categorization of D-wave bottom baryons belonging to the SU(3) flavor 3¯F representation.
× Γα1α2,µ1µ2J=5/2 × h
c
v(x) .
In the above expressions: a, b, c are color indices, and ǫabc is the totally antisymmetric tensor; C is the charge-
conjugation operator; q(x) is the light up/down/strange quark field, and hv(x) is the bottom quark field;
γtµ = γµ − v/vµ, Dµ = ∂µ − igAµ, D
t
µ = Dµ − (D · v)vµ, g
α1α2
t = g
α1α2 − vα1vα2 , and v is the velocity of the
bottom quark; and Γαβ,µνJ=2 and Γ
αβ,µν
J=5/2 are the J = 2 and J = 5/2 projection operators:
Γαβ,µνJ=2 = g
αµ
t g
βν
t + g
αν
t g
βµ
t −
2
3
gαβt g
µν
t , (8)
Γαβ,µνJ=5/2 = g
αµ
t g
βν
t + g
αν
t g
βµ
t −
2
5
gαβt g
µν
t −
1
5
gαµt γ
β
t γ
ν
t −
1
5
gανt γ
β
t γ
µ
t −
1
5
gβµt γ
α
t γ
ν
t −
1
5
gβνt γ
α
t γ
µ
t . (9)
• The bottom baryon doublet [3¯F , 2, 0, λλ] contains two bottom baryons of j
P = 3/2+ and 5/2+, whose interpo-
lating fields are:
Jα3/2,+,3¯F ,2,0,λλ(x) (10)
= ǫabc
(
[Dtµ1D
t
µ2q
aT (x)]Cγ5q
b(x) + 2[Dtµ1q
aT (x)]Cγ5[D
t
µ2q
b(x)] + qaT (x)Cγ5[D
t
µ1D
t
µ2q
b(x)]
)
× Γαµ4,µ1µ2J=2 × γ
t
µ4γ5h
c
v(x) ,
Jα1α2
5/2,+,3¯F ,2,0,λλ
(x) (11)
= ǫabc
(
[Dtµ1D
t
µ2q
aT (x)]Cγ5q
b(x) + 2[Dtµ1q
aT (x)]Cγ5[D
t
µ2q
b(x)] + qaT (x)Cγ5[D
t
µ1D
t
µ2q
b(x)]
)
× Γα1α2,µ1µ2J=5/2 × h
c
v(x) .
• The bottom baryon doublet [3¯F , 1, 1, ρλ] contains two bottom baryons of j
P = 1/2+ and 3/2+, whose interpo-
lating fields are:
J1/2,+,3¯F ,1,1,ρλ(x) = ǫabc
(
[Dtµ1D
t
µ2q
aT (x)]Cγtµ3q
b(x) − qaT (x)Cγtµ3 [D
t
µ1D
t
µ2q
b(x)]
)
(12)
× Γµ3µ4,µ1µ2J=2 × γ
t
µ4γ5h
c
v(x) ,
Jα3/2,+,3¯F ,1,1,ρλ(x) = ǫabc
(
[Dtµ1D
t
µ2q
aT (x)]Cγtµ3q
b(x) − qaT (x)Cγtµ3 [D
t
µ1D
t
µ2q
b(x)]
)
(13)
× ΓαJ=3/2,µ4 × Γ
µ3µ4,µ1µ2
J=2 × h
c
v(x) ,
4where Γα,µJ=3/2 is the J = 3/2 projection operator:
Γα,µJ=3/2 = g
αµ
t −
1
3
γαt γ
µ
t . (14)
• The bottom baryon doublet [3¯F , 2, 1, ρλ] contains two bottom baryons of j
P = 3/2+ and 5/2+, whose interpo-
lating fields are:
Jα3/2,+,3¯F ,2,1,ρλ(x) = ǫabc
(
[Dtµ1D
t
µ2q
aT (x)]Cγtµ3q
b(x) − qaT (x)Cγtµ3 [D
t
µ1D
t
µ2q
b(x)]
)
(15)
× ΓαJ=3/2,µ5 × Γ
µ4µ5,µ1µ2
J=2 × (−2i) σ
µ3µ4hcv(x) ,
Jα1α2
5/2,+,3¯F ,2,1,ρλ
(x) = ǫabc
(
[Dtµ1D
t
µ2q
aT (x)]Cγtµ3q
b(x) − qaT (x)Cγtµ3 [D
t
µ1D
t
µ2q
b(x)]
)
(16)
× Γα1α2J=5/2,µ5µ6 × Γ
µ4µ5,µ1µ2
J=2 × ǫ
µ3µ4µ6µ9 × γtµ9γ5h
c
v(x) .
• The bottom baryon doublet [3¯F , 3, 1, ρλ] contains two bottom baryons of j
P = 5/2+ and 7/2+, whose interpo-
lating fields are:
Jα1α2
5/2,+,3¯F ,3,1,ρλ
(x) = ǫabc
(
[Dtµ1D
t
µ2q
aT (x)]Cγtµ3q
b(x)− qaT (x)Cγtµ3 [D
t
µ1D
t
µ2q
b(x)]
)
(17)
× Γα1α2µ4,µ1µ2µ3J=3 × γ
t
µ4γ5h
c
v(x) ,
Jα1α2α3
7/2,+,3¯F ,3,1,ρλ
(x) = ǫabc
(
[Dtµ1D
t
µ2q
aT (x)]Cγtµ3q
b(x)− qaT (x)Cγtµ3 [D
t
µ1D
t
µ2q
b(x)]
)
(18)
× Γα1α2α3,µ1µ2µ3J=7/2 × h
c
v(x) ,
where Γα1α2α3,µ1µ2µ3J=3 and Γ
α1α2α3,µ1µ2µ3
J=7/2 are the J = 3 and J = 7/2 projection operators, with S
′′[· · · ] the
symmetrization (only symmetrization but no subtraction) of the trace terms in the sets (µ1µ2µ3) and (ν1ν2ν3):
Γµ1µ2µ3,ν1ν2ν3J=3 = S
′′
[
gµ1ν1t g
µ2ν2
t g
µ3ν3
t −
2
5
gµ1ν1t g
µ2µ3
t g
ν2ν3
t
]
, (19)
Γµ1µ2µ3,ν1ν2ν3J=7/2 = S
′′
[
gµ1ν1t g
µ2ν2
t g
µ3ν3
t −
3
7
gµ1ν1t g
µ2µ3
t g
ν2ν3
t +
2
35
gµ1µ2t g
ν1ν2
t γ
µ3
t γ
ν3
t −
1
28
gµ1ν1t γ
µ2
t γ
ν2
t γ
µ3
t γ
ν3
t
]
. (20)
III. QCD SUM RULE ANALYSES
In this section we use the D-wave bottom baryon
interpolating field J
α1···αj−1/2
j,P,F,jl,sl,ρ/λ
to perform QCD sum
rule analyses within the framework of heavy quark effec-
tive theory. Because identical sum rules are obtained
using both J
α1···αjl−1
jl−1/2,P,F,jl,sl,ρ/λ
and J
α1···αjl
jl+1/2,P,F,jl,sl,ρ/λ
within the same multiplet, we only need to use one
of them to perform QCD sum rule analyses. In the
present study we study the [3¯F , 2, 0, ρρ], [3¯F , 2, 0, λλ],
[3¯F , 1, 1, ρλ], [3¯F , 2, 1, ρλ], and [3¯F , 3, 1, ρλ] multi-
plets through the interpolating fields Jα
3/2,+,3¯F ,2,0,ρρ
,
Jα
3/2,+,3¯F ,2,0,λλ
, J1/2,+,3¯F ,1,1,ρλ, J
α
3/2,+,3¯F ,2,1,ρλ
, and
Jα1α2
5/2,+,3¯F ,3,1,ρλ
, respectively.
We assume that the interpolating field J
α1···αj−1/2
j,P,F,jl,sl,ρ/λ
couples to the bottom baryon belonging to the
[F, jl, sl, ρ/λ] multiplet through:
〈0|J
α1···αj−1/2
j,P,F,jl,sl,ρρ/λλ/ρλ
|j, P, F, jl, sl, ρρ/λλ/ρλ〉
= fF,jl,sl,ρρ/λλ/ρλu
α1···αj−1/2 . (21)
Then we can extract the baryon mass to be:
mj,P,F,jl,sl,ρ/λ = mb + ΛF,jl,sl,ρ/λ + δmj,P,F,jl,sl,ρ/λ ,
(22)
where ΛF,jl,sl,ρ/λ = Λjl−1/2,P,F,jl,sl,ρ/λ =
Λjl+1/2,P,F,jl,sl,ρ/λ is the sum rule result at the
leading order, and δmj,P,F,jl,sl,ρ/λ is the sum rule result
at the O(1/mb) order:
δmj,P,F,jl,sl,ρ/λ (23)
= −
1
4mb
(KF,jl,sl,ρ/λ + dj,jlCmagΣF,jl,sl,ρ/λ) .
Here Cmag = [αs(mb)/αs(µ)]
3/β0 with β0 = 11 − 2nf/3,
and the coefficient dj,jl is
djl−1/2,jl = 2jl + 2 , djl+1/2,jl = −2jl . (24)
Hence, the ΣF,jl,sl,ρ/λ term is directly related to the mass
splitting within the same multiplet:
∆MF,jl,sl,ρρ/λλ/ρλ (25)
= mjl+1/2,P,F,jl,sl,ρ/λ −mjl−1/2,P,F,jl,sl,ρ/λ .
5As an example, we use the bottom baryon doublet
[Ξb(3¯F ), 3, 1, ρλ] to perform QCD sum rule analyses,
through the field:
Jα1α25/2,+,Ξb,3,1,ρλ(x) (26)
= ǫabc
(
[Dtµ1D
t
µ2u
aT (x)]Cγtµ3s
b(x)
− uaT (x)Cγtµ3 [D
t
µ1D
t
µ2s
b(x)]
)
× Γα1α2µ4,µ1µ2µ3J=3 × γ
t
µ4γ5h
c
v(x) .
From this field, we obtain:
ΠΞb,3,1,ρλ(ωc, T ) = f
2
Ξb,3,1,ρλ
e−2Λ¯Ξb,3,1,ρλ/T (27)
=
∫ ωc
2ms
[
1
12800π4
ω9 −
3m2s
800π4
ω7 +
63ms〈s¯s〉
800π2
ω5
−
21ms〈q¯q〉
400π2
ω5 −
21〈g2sGG〉
3200π4
ω5 +
21ms〈gsq¯σGq〉
80π2
ω3
+
63m2s〈g
2
sGG〉
1280π4
ω3 −
63ms〈g
2
sGG〉〈s¯s〉
320π2
ω]e−ω/Tdω ,
f2Ξb,3,1,ρλKΞb,3,1,ρλe
−2Λ¯Ξb,3,1,ρλ/T (28)
=
∫ ωc
2ms
[−
223
9856000π4
ω11 +
1759m2s
1209600π4
ω9
−
543ms〈s¯s〉
11200π2
ω7 +
17ms〈q¯q〉
672π2
ω7 +
80147〈g2sGG〉
38707200π4
ω7
−
181ms〈gsq¯σGq〉
800π2
ω5 −
1091m2s〈g
2
sGG〉
38400π4
ω5
−
307ms〈g
2
sGG〉〈q¯q〉
4320π2
ω3 +
779ms〈g
2
sGG〉〈s¯s〉
3456π2
ω3
+
59ms〈g
2
sGG〉〈gs q¯σGq〉
2880π2
ω]e−ω/Tdω ,
f2Ξb,3,1,ρλΣΞb,3,1,ρλe
−2Λ¯Ξb,3,1,ρλ/T (29)
=
∫ ωc
2ms
[
〈g2sGG〉
4800π4
ω7 −
7m2s〈g
2
sGG〉
2400π4
ω5
+
7ms〈g
2
sGG〉〈s¯s〉
240π2
ω3]e−ω/Tdω .
Sum rules for other multiplets are listed in Appendix A.
IV. NUMERICAL ANALYSES
We use the following values for the strange quark mass
and various quark and gluon condensates [1, 84–91]:
ms(2 GeV) = 95
+9
−3 MeV ,
〈q¯q〉 = −(0.24± 0.01)3 GeV3 ,
〈s¯s〉 = 0.8× 〈q¯q〉 ,
〈gsq¯σGq〉 = M
2
0 × 〈q¯q〉 , (30)
〈gss¯σGs〉 = M
2
0 × 〈s¯s〉 ,
M20 = 0.8 GeV
2 ,
〈g2sGG〉 = (0.48± 0.14) GeV
4 .
We also need the bottom quark mass. In the present
study we use the PDG value mb(mb) = 4.18
+0.04
−0.03 GeV [1]
in the MS scheme, instead of the pole mass mb = 4.78±
0.06 GeV [92]. By doing this, we intend to verify whether
the masses extracted from the [3¯F , 3, 1, ρλ] multiplet can
be consistent with the LHCb and CMS experiments [7,
12].
There are two free parameters in Equations (27)–(29),
the threshold value ωc and the Borel mass T , and we
use three criteria to constrain them: (a) The conver-
gence of the Operator Product Expansion (OPE), (b)
the Pole Contribution (PC), and (c) the mass dependence
on MB and s0. We refer to [51, 52] for detailed discus-
sions, and here we just use the bottom baryon doublet
[Ξb(3¯F ), 3, 1, ρλ] as an example.
The first criterion is the OPE convergence, which is
the cornerstone of a reliable QCD sum rule analysis. In
the present study we have calculated the sum rules at
the leading order up to the eighth dimension, as shown
in Equation (27); we have calculated the sum rules at the
O(1/mb) order up to the tenth dimension, as shown in
Equations (28) and (29). We investigate its convergence
by requiring the high-order corrections of Equation (27)
(D = 4 + 6 + 8 terms) to be less than 10%:
CVG ≡
ΠD=4+6+8Ξb,3,1,ρλ (∞, T )
ΠΞb,3,1,ρλ(∞, T )
≤ 10% . (31)
We show its variation with respect to the Borel mass
T in Figure 2 using the solid curve when setting ωc =
4.6 GeV. We find that this condition is satisfied when
T > 0.638 GeV. Besides, it is also important to check
the convergence of Equations (28) and (29). To see this,
we show:
CVG′ ≡
KD=4+6+8+10Ξb,3,1,ρλ (∞, T )
KΞb,3,1,ρλ(∞, T )
, (32)
CVG′′ ≡
ΣD=4+6+8+10Ξb,3,1,ρλ (∞, T )
ΣΞb,3,1,ρλ(∞, T )
, (33)
in Figure 2 using the short-dashed and long-dashed
curves. We find that their convergence is even better.
The second criterion is requires the PC to be larger
than 10%:
PC ≡
ΠΞb,3,1,ρλ(ωc, T )
ΠΞb,3,1,ρλ(∞, T )
≥ 10% . (34)
This condition is satisfied when T < 0.685 GeV. Alto-
gether, we choose ωc = 4.6 GeV and extract the Borel
window to be 0.638 GeV< T < 0.685 GeV, from which
we obtain:
Λ¯Ξb(3¯F ),3,1,ρλ = 2.117 GeV ,
KΞb(3¯F ),3,1,ρλ = −4.483 GeV
2 , (35)
ΣΞb(3¯F ),3,1,ρλ = 0.018 GeV
2 .
Their variations are shown in Figure 3 as functions of
the Borel mass T , where their T dependence is weak and
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FIG. 2: Variations of CVG(′,′′), defined in Equations (31)–
(33), as functions of the Borel mass T , shown as the solid,
short-dashed and long-dashed curves, respectively.
acceptable inside the Borel window 0.638 GeV< T <
0.685 GeV.
Then we use Equations (22) and (23) to further obtain:
mΞb(5/2+) = 6.56 GeV ,
mΞb(7/2+) = 6.57 GeV , (36)
∆m[Ξb(3¯F ),3,1,ρλ] = 12.2 MeV ,
where mΞb(5/2+) and mΞb(7/2+) are the masses of the
Ξb(5/2
+) and Ξb(7/2
+) belonging to the [Ξb(3¯F ), 3, 1, ρλ]
multiplet, with ∆m[Ξb(3¯F ),3,1,ρλ] their mass splitting.
The variation of mΞb(5/2+) is shown in the left panel of
Figure 4 as a function of the Borel mass T , where its T
dependence is also weak and acceptable inside the Borel
window 0.638 GeV< T < 0.685 GeV.
We change the threshold value ωc and redo the above
procedures. The variation of mΞb(5/2+) is shown in the
right panel of Figure 4 as a function of the threshold value
ωc. We find that there exist non-vanishing Borel windows
as long as ωc ≥ 4.4 GeV, and the ωc dependence is weak
and acceptable in the region 4.4 GeV< ωc < 4.8 GeV.
This is just the working region for ωc, where both the
massmΞb(5/2+) as well as its uncertainty can be evaluated
reliably.
Hence, we fix our working regions to be 4.4 GeV< ωc <
4.8 GeV and 0.638 GeV< T < 0.685 GeV, and obtain:
mΞb(5/2+) = 6.56
+0.12
−0.10 GeV ,
mΞb(7/2+) = 6.57
+0.12
−0.10 GeV , (37)
∆m[Ξb(3¯F ),3,1,ρλ] = 12.2
+6.3
−4.8 MeV ,
where the central values correspond to ωc = 4.6 GeV
and T = 0.662 GeV, and the uncertainties are due to
the threshold value ωc, the Borel mass T , the strange
and bottom quark masses, and various quark and gluon
condensates.
Following the same procedures, we study the bot-
tom baryon doublet [Λb(3¯F ), 3, 1, ρλ], which contains
the Λb(5/2
+) and Λb(7/2
+). They are the partner
states of the Ξb(5/2
+) and Ξb(7/2
+) belonging to the
[Ξb(3¯F ), 3, 1, ρλ] multiplet, and their masses are ex-
tracted to be:
mΛb(5/2+) = 6.42
+0.15
−0.11 GeV ,
mΛb(7/2+) = 6.43
+0.15
−0.11 GeV , (38)
∆m[Λb(3¯F ),3,1,ρλ] = 14.6
+8.8
−6.2 MeV .
For completeness, we show the variation of mΛb(5/2+) in
Figure 5 as a function of the Borel mass T (left) and the
threshold value ωc (right).
Similarly, we study the [3¯F , 2, 0, ρρ], [3¯F , 2, 0, λλ],
[3¯F , 1, 1, ρλ], and [3¯F , 2, 1, ρλ] multiplets. The latter
three lead to reasonable sum rule results, and the ex-
tracted masses are shown in Figure 6 as functions of the
threshold value ωc. We summarize all the above results
in Table I, which will be discussed in the next section.
V. SUMMARY AND DISCUSSIONS
In this paper we apply the method of QCD sum rules
within the heavy quark effective theory to study D-wave
bottom baryons of the SU(3) flavor 3¯F . We investigate
five bottom baryon doublets, [3¯F , 2, 0, ρρ], [3¯F , 2, 0, λλ],
[3¯F , 1, 1, ρλ], [3¯F , 2, 1, ρλ], and [3¯F , 3, 1, ρλ]. Their
masses are calculated up to the order O(1/mb), and the
results are summarized in Table I, including the masses
mj,P,F,jl,sl,ρ/λ, mass splittings ∆MF,jl,sl,ρρ/λλ/ρλ, and
decay constants fF,jl,sl,ρρ/λλ/ρλ evaluated in the present
study. Before discussing these results, we note that there
is a considerable uncertainty in our results for the abso-
lute value of the mass, because it depends significantly on
the bottom quark mass, as shown in Equation (22) how-
ever, the mass difference within the same doublet does
not depend much on the bottom quark mass, so it is pro-
duced quite well with much less (theoretical) uncertainty
and gives more useful information.
Based on Table I, we conclude the present study:
• The masses of Λb(3/2
+) and Λb(5/2
+) calculated
using the [3¯F , 2, 0, λλ] multiplet are:
mΛb(3/2+) = 6.12
+0.10
−0.11 GeV ,
mΛb(5/2+) = 6.13
+0.10
−0.11 GeV , (39)
∆m[Λb(3¯F ),2,0,λλ] = 5.4
+2.3
−1.9 MeV .
These two mass values as well as their difference are
well consistent with the LHCb and CMS measure-
ments [7, 12], so our results support the interpre-
tation of the Λb(6146)
0 and Λb(6152)
0 as D-wave
bottom baryons of JP = 3/2+ and 5/2+ respec-
tively, both of which contain two λ-mode excita-
tions. We call it λλ-mode in the present study, and
its relevant multiplet is the bottom baryon doublet
[3¯F , 2, 0, λλ].
This conclusion is the same as [79–82], so faces the
same serious problem: The lower state Λb(3/2
+)
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FIG. 3: Variations of ΛΞb,3,1,ρλ (left), KΞb,3,1,ρλ (middle), and ΣΞb,3,1,ρλ (right) as functions of the Borel mass T , where the
short-dashed, solid, and long-dashed curves are obtained by fixing ωc = 4.4, 4.6, and 4.8 GeV, respectively. These figures are
plotted for the bottom baryon doublet [Ξb(3¯F ), 3, 1, ρλ].
0.40 0.50 0.55 0.638 0.662 0.685 0.75
7.5
6.0
6.5
7.0
7.5
6.0
6.5
7.0
Borel Mass  [GeV]
M
  
  
  
  
  
  
  
  
[G
eV
]
b
4.0 4.4 4.6 4.8 5.2 5.5
7.5
6.0
6.5
7.0
7.5
6.0
6.5
7.0
c
M
  
  
  
  
  
  
  
  
[G
eV
]
b
FIG. 4: The variation of mΞb(5/2+) as a function of the Borel mass T (left) and the threshold value ωc (right). In the left
panel, the short-dashed, solid, and long-dashed curves are obtained by setting ωc = 4.4, 4.6, and 4.8 GeV, respectively. In the
right panel the shady band is obtained by varying T within the Borel window. These figures are plotted for the bottom baryon
doublet [Ξb(3¯F ), 3, 1, ρλ].
would decay both into the P -wave Σbπ channel
and the P -wave Σ∗bπ channel, while the higher state
Λb(5/2
+) would dominantly decay only into the P -
wave Σ∗bπ channel, which behaviors are just op-
posite to the Λb(6146)
0 and Λb(6152)
0 observed
by LHCb [7], as stated in the introduction (in
other words, “face a serious problem of mass re-
verse” [79]);
• The masses of Λb(5/2
+) and Λb(7/2
+) calculated
using the [3¯F , 3, 1, ρλ] multiplet are:
mΛb(5/2+) = 6.42
+0.15
−0.11 GeV ,
mΛb(7/2+) = 6.43
+0.15
−0.11 GeV , (40)
∆m[Λb(3¯F ),3,1,ρλ] = 14.6
+8.8
−6.2 MeV ,
These two mass values as well as their difference are
all significantly larger than, but not too far from,
the LHCb and CMS measurements [7, 12].
The advantage of this assignment is: The lower
state Λb(5/2
+) would dominantly decay only into
the P -wave Σ∗bπ channel, while the higher state
Λb(7/2
+) would decay both into the F -wave Σbπ
channel and the F -wave Σ∗bπ channel, which be-
haviors are consistent with the Λb(6146)
0 and
Λb(6152)
0 observed by LHCb [7]. Note that√
M2Λb(6146)0 −M
2
Σb
≈
√
M2Λb(6152)0 −M
2
Σb
≈√
M2Λb(6152)0 −M
2
Σ∗b
≈ 2 GeV, so that the F -wave
decay widths might not be suppressed too much.
Anyway, we still need to explicitly study their de-
cay properties to verify this possibility;
• The masses of Λb(1/2
+) and Λb(3/2
+) calculated
using the [3¯F , 1, 1, ρλ] multiplet are:
mΛb(1/2+) = 6.13
+0.10
−0.09 GeV ,
mΛb(3/2+) = 6.13
+0.10
−0.09 GeV , (41)
∆m[Λb(3¯F ),1,1,ρλ] = −1.5
+0.6
−0.5 MeV .
This mass difference is smaller (negative) than the
LHCb measurement [7]. Moreover, the decay be-
haviors of the Λb(6146)
0 and Λb(6152)
0 observed
by LHCb [7] can not be well explained by this mul-
tiplet. Hence, our results do not favor the interpre-
tation of the Λb(6146)
0 and Λb(6152)
0 as D-wave
80.40 0.50 0.617 0.637 0.75
7.5
6.0
6.5
7.0
7.5
6.0
6.5
7.0
Borel Mass  [GeV]
M
  
  
  
  
  
  
  
  
[G
eV
]
b
3.5 4.1 4.3 4.5 5.0 5.5
7.5
6.0
6.5
7.0
7.5
6.0
6.5
7.0
c
M
  
  
  
  
  
  
  
  
[G
eV
]
b
FIG. 5: The variation of mΛb(5/2+) as a function of the Borel mass T (left) and the threshold value ωc (right). In the left
panel, the short-dashed, solid ,and long-dashed curves are obtained by setting ωc = 4.1, 4.3, and 4.5 GeV, respectively. In the
right panel the shady band is obtained by varying T within the Borel window. These figures are plotted for the bottom baryon
doublet [Λb(3¯F ), 3, 1, ρλ].
bottom baryons of JP = 1/2+ and 3/2+ belonging
to the [3¯F , 1, 1, ρλ] multiplet.
• The masses of Λb(3/2
+) and Λb(5/2
+) calculated
using the [3¯F , 2, 1, ρλ] multiplet are:
mΛb(3/2+) = 6.17
+0.12
−0.10 GeV ,
mΛb(5/2+) = 6.19
+0.12
−0.10 GeV , (42)
∆m[Λb(3¯F ),2,1,ρλ] = 13.5
+7.5
−5.6 MeV .
This mass difference is a bit larger than the LHCb
experiment [7]. Hence, our results do not favor the
interpretation of the Λb(6146)
0 and Λb(6152)
0 as
D-wave bottom baryons of JP = 3/2+ and 5/2+
belonging to the [3¯F , 2, 1, ρλ] multiplet;
• The sum rule results extracted from the
[3¯F , 2, 0, ρρ] multiplet are a bit strange, be-
cause the Borel windows become larger as the
threshold value ωc decreases, which behavior has
already been found in Figure 9 of Ref. [51]. Hence,
we do not use them to draw any conclusion.
Summarizing the above analyses, our results obtained
using the method of QCD sum rules within the heavy
quark effective theory support to interpret the Λb(6146)
0
and Λb(6152)
0 as D-wave bottom baryons of JP = 3/2+
and 5/2+, respectively. They both contain two λ-mode
excitations, and belong to the bottom baryon doublet
[3¯F , 2, 0, λλ]. This doublet contains two other bottom
baryons, Ξb(3/2
+) and Ξb(5/2
+), whose masses are ex-
tracted to be:
mΞb(3/2+) = 6.26
+0.11
−0.14 GeV ,
mΞb(5/2+) = 6.26
+0.11
−0.14 GeV , (43)
∆m[Ξb(3¯F ),2,0,λλ] = 4.5
+1.9
−1.5 MeV .
This conclusion is the same as [79–82], but it can not
well explain the decay behaviors of the Λb(6146)
0 and
Λb(6152)
0 observed by LHCb [7], as discussed above.
To solve this problem, we investigate another possi-
ble assignment, that is to interpret the Λb(6146)
0 and
Λb(6152)
0 as D-wave bottom baryons of JP = 5/2+
and 7/2+ respectively, both of which belong to the
[3¯F , 3, 1, ρλ] multiplet. The advantage of this assign-
ment is that the decay behaviors of the Λb(6146)
0 and
Λb(6152)
0 observed by LHCb [7] can be well explained,
as discussed above. However, this assignment faces an-
other serious problem: The masses of the Λb(5/2
+) and
Λb(7/2
+) as well as their mass splitting are calculated in
the present study to be significantly larger than, although
not too far from, those of the Λb(6146)
0 and Λb(6152)
0
measured by LHCb and CMS [7, 12]. It is still required
to explicitly study their decay properties to verify this
possibility.
There exist many possible assignments for the
Λb(6072)
0 observed by CMS and LHCb [12, 13], such
as the Λb(2S) state, while another possible assignment
is to interpret it as the D-wave Λb state. To verify this,
one good choice is to further examine whether it has a
nearby partner state in future CMS, EIC, and LHCb ex-
periments.
To end this paper, we note that just investigating the
mass spectra is not enough, and in order to well un-
derstand the Λb(6146)
0 and Λb(6152)
0 [7] as well as the
Λb(6072)
0 [12], we still need to systematically study their
decay properties. We have done this systematically for P -
wave heavy baryons using the method of light-cone sum
rules with the heavy quark effective theory [77, 78, 93, 94]
and are now doing this systematically for D-wave heavy
baryons. The parameters obtained in the present study
are necessary inputs.
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Appendix A: Other sum rules
In this appendix we list the sum rules for the
[3¯F , 2, 0, ρρ], [3¯F , 2, 0, λλ], [3¯F , 1, 1, ρλ], [3¯F , 2, 1, ρλ],
and [3¯F , 3, 1, ρλ] multiplets. We refer to [51, 52] for
more discussions. Note that the sum rule equations
for the [3¯F , 2, 0, ρρ] and [3¯F , 2, 0, λλ] multiplets are the
same as those obtained in [51, 52]; the equations for the
[3¯F , 1, 1, ρλ] multiplet are different since we have explic-
itly used some projection operators in the present study;
the equations for the [3¯F , 2, 1, ρλ] and [3¯F , 3, 1, ρλ] mul-
tiplets were not extracted in [51, 52].
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TABLE I: Masses of the D-wave bottom baryons belonging to the SU(3) flavor 3¯F representation, obtained using the bottom
baryon multiplets [3¯F , 2, 0, λλ], [3¯F , 1, 1, ρλ], [3¯F , 2, 1, ρλ], and [3¯F , 3, 1, ρλ]. There still exists one doublet, the [3¯F , 2, 0, ρρ]
doublet, but its sum rule results are a bit strange (the Borel windows become larger as the threshold value ωc decreases), so we
do not list it here. In the third and fourth columns we list the two QCD sum rule parameters, the threshold value ωc and the
Borel mass T ; in the fifth, sixth, and seventh columns we list the QCD sum rule results, ΛF,jl,sl,ρ/λ at the leading order as well
as KF,jl,sl,ρ/λ and ΣF,jl,sl,ρ/λ at the O(1/mb) order; in the ninth, tenth, and eleventh columns we list the masses mj,P,F,jl,sl,ρ/λ,
decay constants fF,jl,sl,ρρ/λλ/ρλ, and mass splittings ∆MF,jl,sl,ρρ/λλ/ρλ = mjl+1/2,P,F,jl,sl,ρ/λ −mjl−1/2,P,F,jl,sl,ρ/λ evaluated
within the QCD sum rule method.
Multiplets B
ωc Working region Λ K Σ Baryons Mass f ∆M
(GeV) (GeV) (GeV) (GeV2) (GeV2) (jP ) (GeV) (GeV5) (MeV)
[3¯F , 2, 0, λλ]
Λb 4.0 0.412 < T < 0.632 1.680
+0.073
−0.082 −4.398 0.0112
Λb(3/2
+) 6.12+0.10
−0.11 0.114
+0.029
−0.026
5.4+2.3
−1.9
Λb(5/2
+) 6.13+0.10
−0.11 0.048
+0.012
−0.011
Ξb 4.3 0.414 < T < 0.678 1.792
+0.079
−0.109 −4.846 0.0095
Ξb(3/2
+) 6.26+0.11
−0.14 0.158
+0.038
−0.041
4.5+1.9
−1.5
Ξb(5/2
+) 6.26+0.11
−0.14 0.067
+0.016
−0.017
[3¯F , 1, 1, ρλ]
Λb 4.0 0.483 < T < 0.621 1.732
+0.071
−0.069 −3.555 −0.0050
Λb(1/2
+) 6.13+0.10
−0.09 0.159
+0.040
−0.034
−1.5+0.6
−0.5
Λb(3/2
+) 6.13+0.10
−0.09 0.075
+0.019
−0.016
Ξb 4.3 0.532 < T < 0.661 1.902
+0.064
−0.060 −3.732 −0.0053
Ξb(1/2
+) 6.31+0.09
−0.09 0.235
+0.054
−0.046
−1.5+0.6
−0.6
Ξb(3/2
+) 6.31+0.09
−0.09 0.111
+0.026
−0.022
[3¯F , 2, 1, ρλ]
Λb 3.9 0.543 < T < 0.585 1.772
+0.096
−0.076 −3.819 0.0283
Λb(3/2
+) 6.17+0.12
−0.10 0.219
+0.059
−0.048
13.5+7.5
−5.6
Λb(5/2
+) 6.19+0.12
−0.10 0.079
+0.021
−0.017
Ξb 4.2 0.576 < T < 0.626 1.938
+0.078
−0.063 −3.853 0.0247
Ξb(3/2
+) 6.34+0.10
−0.09 0.327
+0.078
−0.065
11.8+5.8
−4.6
Ξb(5/2
+) 6.35+0.11
−0.09 0.118
+0.028
−0.023
[3¯F , 3, 1, ρλ]
Λb 4.3 0.617 < T < 0.637 1.986
+0.122
−0.089 −4.336 0.0218
Λb(5/2
+) 6.42+0.15
−0.11 0.388
+0.096
−0.078
14.6+8.8
−6.2
Λb(7/2
+) 6.43+0.15
−0.11 0.143
+0.035
−0.029
Ξb 4.6 0.638 < T < 0.685 2.117
+0.096
−0.076 −4.483 0.0182
Ξb(5/2
+) 6.56+0.12
−0.10 0.543
+0.120
−0.101
12.2+6.3
−4.8
Ξb(7/2
+) 6.57+0.12
−0.10 0.200
+0.044
−0.037
The sum rule equations obtained using the interpolating field Jα
3/2,+,3¯F ,2,0,ρρ
belonging to [3¯F , 2, 0, ρρ] are
ΠΛb,2,0,ρρ = f
2
Λb,2,0,ρρ
e−2Λ¯Λb,2,0,ρρ/T =
∫ ωc
0
[
5
145152π4
ω9 −
5〈g2sGG〉
1728π4
ω5]e−ω/Tdω , (A1)
f2Λb,2,0,ρρKΛb,2,0,ρρe
−2Λ¯Λb,2,0,ρρ/T =
∫ ωc
0
[−
41
6386688π4
ω11 +
59〈g2sGG〉
90720π4
ω7]e−ω/Tdω , (A2)
f2Λb,2,0,ρρΣΛb,2,0,ρρe
−2Λ¯Λb,2,0,ρρ/T =
∫ ωc
0
[
〈g2sGG〉
24192π4
ω7]e−ω/Tdω , (A3)
and
ΠΞb,2,0,ρρ = f
2
Ξb,2,0,ρρ
e−2Λ¯Ξb,2,0,ρρ/T (A4)
=
∫ ωc
2ms
[
5
145152π4
ω9 −
m2s
672π4
ω7 −
ms〈q¯q〉
72π2
ω5 +
ms〈s¯s〉
48π2
ω5
−
5〈g2sGG〉
1728π4
ω5 +
5m2s〈g
2
sGG〉
192π4
ω3 −
5ms〈g
2
sGG〉〈s¯s〉
72π2
ω]e−ω/Tdω ,
f2Ξb,2,0,ρρKΞb,2,0,ρρe
−2Λ¯Ξb,2,0,ρρ/T (A5)
=
∫ ωc
2ms
[−
41
6386688π4
ω11 +
197m2s
483840π4
ω9 +
37ms〈q¯q〉
5040π2
ω7 −
277ms〈s¯s〉
20160π2
ω7 −
11ms〈gsq¯σGq〉
180π2
ω5 +
1921〈g2sGG〉
2903040π4
ω7
11
−
7169m2s〈g
2
sGG〉
552960π4
ω5 −
13ms〈g
2
sGG〉〈q¯q〉
216π2
ω3 +
2381ms〈g
2
sGG〉〈s¯s〉
20736π2
ω3 +
121ms〈g
2
sGG〉〈gsq¯σGq〉
1728π2
ω]e−ω/Tdω ,
f2Ξb,2,0,ρρΣΞb,2,0,ρρe
−2Λ¯Ξb,2,0,ρρ/T (A6)
=
∫ ωc
2ms
[
〈g2sGG〉
24192π4
ω7 −
m2s〈g
2
sGG〉
1536π4
ω5 +
5ms〈g
2
sGG〉〈s¯s〉
864π2
ω3]e−ω/Tdω .
The sum rule equations obtained using the interpolating field Jα
3/2,+,3¯F ,2,0,λλ
belonging to [3¯F , 2, 0, λλ] are
ΠΛb,2,0,λλ = f
2
Λb,2,0,λλe
−2Λ¯Λb,2,0,λλ/T = −
∫ ωc
0
[−
5
145152π4
ω9 +
〈g2sGG〉
1728π4
ω5]e−ω/Tdω , (A7)
f2Λb,2,0,λλKΛb,2,0,λλe
−2Λ¯Λb,2,0,λλ/T = −
∫ ωc
0
[
127
10644480π4
ω11 +
〈g2sGG〉
17280π4
ω7]e−ω/Tdω , (A8)
f2Λb,2,0,λλΣΛb,2,0,λλe
−2Λ¯Λb,2,0,λλ/T = −
∫ ωc
0
[−
〈g2sGG〉
24192π4
ω7]e−ω/Tdω , (A9)
and
ΠΞb,2,0,λλ = f
2
Ξb,2,0,λλe
−2Λ¯Ξb,2,0,λλ/T (A10)
= −
∫ ωc
2ms
[
m2s
672π4
ω7 −
5
145152π4
ω9 +
5ms〈g
2
sGG〉〈s¯s〉
216π2
ω −
5m2s〈g
2
sGG〉
576π4
ω3
+
〈g2sGG〉
1728π4
ω5 +
ms〈q¯q〉
72π2
ω5 −
ms〈s¯s〉
48π2
ω5]e−ω/Tdω ,
f2Ξb,2,0,λλKΞb,2,0,λλe
−2Λ¯Ξb,2,0,λλ/T (A11)
= −
∫ ωc
2ms
[−
307m2s
483840π4
ω9 +
127
10644480π4
ω11 +
13ms〈g
2
sGG〉〈q¯q〉
648π2
ω3 −
67ms〈g
2
sGG〉〈s¯s〉
2304π2
ω3
+
1019m2s〈g
2
sGG〉
184320π4
ω5 +
〈g2sGG〉
17280π4
ω7 −
37ms〈q¯q〉
5040π2
ω7 +
233ms〈s¯s〉
20160π2
ω7]e−ω/Tdω ,
f2Ξb,2,0,λλΣΞb,2,0,λλe
−2Λ¯Ξb,2,0,λλ/T (A12)
= −
∫ ωc
2ms
[−
5ms〈g
2
sGG〉〈s¯s〉
864π2
ω3 +
m2s〈g
2
sGG〉
1536π4
ω5 −
〈g2sGG〉
24192π4
ω7]e−ω/Tdω .
The sum rule equations obtained using the interpolating field J1/2,+,3¯F ,1,1,ρλ belonging to [3¯F , 1, 1, ρλ] are
ΠΛb,1,1,ρλ = f
2
Λb,1,1,ρλe
−2Λ¯Λb,1,1,ρλ/T = −
∫ ωc
0
[−
1
16128π4
ω9 +
〈g2sGG〉
512π4
ω5]e−ω/Tdω , (A13)
f2Λb,1,1,ρλKΛb,1,1,ρλe
−2Λ¯Λb,1,1,ρλ/T = −
∫ ωc
0
[
29
1520640π4
ω11 −
443〈g2sGG〉
580608π4
ω7]e−ω/Tdω , (A14)
f2Λb,1,1,ρλΣΛb,1,1,ρλe
−2Λ¯Λb,1,1,ρλ/T = −
∫ ωc
0
[
〈g2sGG〉
48384π4
ω7]e−ω/Tdω , (A15)
and
ΠΞb,1,1,ρλ = f
2
Ξb,1,1,ρλ
e−2Λ¯Ξb,1,1,ρλ/T (A16)
= −
∫ ωc
2ms
[−
1
16128π4
ω9 +
m2s
336π4
ω7 −
ms〈s¯s〉
16π2
ω5 +
ms〈q¯q〉
24π2
ω5 +
〈g2sGG〉
512π4
ω5
−
65m2s〈g
2
sGG〉
2304π4
ω3 −
5ms〈gsq¯σGq〉
24π2
ω3 +
65ms〈g
2
sGG〉〈s¯s〉
576π2
ω]e−ω/Tdω ,
f2Ξb,1,1,ρλKΞb,1,1,ρλe
−2Λ¯Ξb,1,1,ρλ/T (A17)
= −
∫ ωc
2ms
[
29
1520640π4
ω11 −
179m2s
145152π4
ω9 −
443〈g2sGG〉
580608π4
ω7 −
ms〈q¯q〉
48π2
ω7 +
167ms〈s¯s〉
4032π2
ω7 +
2287m2s〈g
2
sGG〉
110592π4
ω5
+
3ms〈gsq¯σGq〉
16π2
ω5 +
25ms〈g
2
sGG〉〈q¯q〉
432π2
ω3 −
425ms〈g
2
sGG〉〈s¯s〉
2592π2
ω3 −
5ms〈g
2
sGG〉〈gs q¯σGq〉
288π2
ω]e−ω/Tdω ,
12
f2Ξb,1,1,ρλΣΞb,1,1,ρλe
−2Λ¯Ξb,1,1,ρλ/T (A18)
= −
∫ ωc
2ms
[
〈g2sGG〉
48384π4
ω7 +
m2s〈g
2
sGG〉
2304π4
ω5 −
5ms〈g
2
sGG〉〈s¯s〉
432π2
ω3]e−ω/Tdω .
The sum rule equations obtained using the interpolating field J1/2,+,3¯F ,2,1,ρλ belonging to [3¯F , 2, 1, ρλ] are
ΠΛb,2,1,ρλ = f
2
Λb,2,1,ρλ
e−2Λ¯Λb,2,1,ρλ/T = −
∫ ωc
0
[−
〈g2sGG〉
144π4
ω5 +
5
36288π4
ω9]e−ω/Tdω , (A19)
f2Λb,2,1,ρλKΛb,2,1,ρλe
−2Λ¯Λb,2,1,ρλ/T = −
∫ ωc
0
[
217453〈g2sGG〉
78382080π4
ω7 −
163
3592512π4
ω11]e−ω/Tdω , (A20)
f2Λb,2,1,ρλΣΛb,2,1,ρλe
−2Λ¯Λb,2,1,ρλ/T = −
∫ ωc
0
[
17〈g2sGG〉
54432π4
ω7]e−ω/Tdω , (A21)
and
ΠΞb,2,1,ρλ = f
2
Ξb,2,1,ρλ
e−2Λ¯Ξb,2,1,ρλ/T (A22)
= −
∫ ωc
2ms
[−
185ms〈g
2
sGG〉〈s¯s〉
648π2
ω +
185m2s〈g
2
sGG〉
2592π4
ω3 +
25ms〈gsq¯σGq〉
54π2
ω3 −
〈g2sGG〉
144π4
ω5
−
5ms〈q¯q〉
54π2
ω5 +
5ms〈s¯s〉
36π2
ω5 −
5m2s
756π4
ω7 +
5
36288π4
ω9]e−ω/Tdω ,
f2Ξb,2,1,ρλKΞb,2,1,ρλe
−2Λ¯Ξb,2,1,ρλ/T (A23)
= −
∫ ωc
2ms
[
385ms〈g
2
sGG〉〈gsq¯σGq〉
7776π2
ω −
835ms〈g
2
sGG〉〈q¯q〉
5832π2
ω3 +
13693ms〈g
2
sGG〉〈s¯s〉
34992π2
ω3 −
9277m2s〈g
2
sGG〉
186624π4
ω5
−
107ms〈gsq¯σGq〉
216π2
ω5 +
217453〈g2sGG〉
78382080π4
ω7 +
61ms〈q¯q〉
1134π2
ω7 −
170ms〈s¯s〉
1701π2
ω7
+
5749m2s
1959552π4
ω9 −
163
3592512π4
ω11]e−ω/Tdω ,
f2Ξb,2,1,ρλΣΞb,2,1,ρλe
−2Λ¯Ξb,2,1,ρλ/T (A24)
= −
∫ ωc
2ms
[
65ms〈g
2
sGG〉〈s¯s〉
1944π2
ω3 −
5m2s〈g
2
sGG〉
1296π4
ω5 +
17〈g2sGG〉
54432π4
ω7]e−ω/Tdω .
The sum rule equations obtained using the interpolating field J1/2,+,3¯F ,3,1,ρλ belonging to [3¯F , 3, 1, ρλ] are
ΠΛb,3,1,ρλ = f
2
Λb,3,1,ρλe
−2Λ¯Λb,3,1,ρλ/T =
∫ ωc
0
[−
21〈g2sGG〉
3200π4
ω5 +
1
12800π4
ω9]e−ω/Tdω , (A25)
f2Λb,3,1,ρλKΛb,3,1,ρλe
−2Λ¯Λb,3,1,ρλ/T =
∫ ωc
0
[
80147〈g2sGG〉
38707200π4
ω7 −
223
9856000π4
ω11]e−ω/Tdω , (A26)
f2Λb,3,1,ρλΣΛb,3,1,ρλe
−2Λ¯Λb,3,1,ρλ/T =
∫ ωc
0
[
〈g2sGG〉
4800π4
ω7]e−ω/Tdω , (A27)
and
ΠΞb,3,1,ρλ = f
2
Ξb,3,1,ρλ
e−2Λ¯Ξb,3,1,ρλ/T (A28)
=
∫ ωc
2ms
[
1
12800π4
ω9 −
3m2s
800π4
ω7 +
63ms〈s¯s〉
800π2
ω5 −
21ms〈q¯q〉
400π2
ω5 −
21〈g2sGG〉
3200π4
ω5 +
21ms〈gsq¯σGq〉
80π2
ω3
+
63m2s〈g
2
sGG〉
1280π4
ω3 −
63ms〈g
2
sGG〉〈s¯s〉
320π2
ω]e−ω/Tdω ,
f2Ξb,3,1,ρλKΞb,3,1,ρλe
−2Λ¯Ξb,3,1,ρλ/T (A29)
=
∫ ωc
2ms
[−
223
9856000π4
ω11 +
1759m2s
1209600π4
ω9 −
543ms〈s¯s〉
11200π2
ω7 +
17ms〈q¯q〉
672π2
ω7 +
80147〈g2sGG〉
38707200π4
ω7 −
181ms〈gsq¯σGq〉
800π2
ω5
−
1091m2s〈g
2
sGG〉
38400π4
ω5 −
307ms〈g
2
sGG〉〈q¯q〉
4320π2
ω3 +
779ms〈g
2
sGG〉〈s¯s〉
3456π2
ω3 +
59ms〈g
2
sGG〉〈gsq¯σGq〉
2880π2
ω]e−ω/Tdω ,
13
f2Ξb,3,1,ρλΣΞb,3,1,ρλe
−2Λ¯Ξb,3,1,ρλ/T (A30)
=
∫ ωc
2ms
[
〈g2sGG〉
4800π4
ω7 −
7m2s〈g
2
sGG〉
2400π4
ω5 +
7ms〈g
2
sGG〉〈s¯s〉
240π2
ω3]e−ω/Tdω .
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